A computationally efficient kinematic control scheme is presented for a seven-degree-of-freedom redundant robot with spherical wrist. scheme uses a gradient projection optimization method, which eliminates the need to determine the generalized inverse of the Jacobian when solving for joint velocities for given Cartesian end-effector velocities. Closed-form solutions are obtained for joint velocities using this approach. The application of this scheme to the seven-degree-of-freedom manipulator at the Center for Engineering Systems Advanced Research (CESAR) is described. This
Introduction
The robots presently used in industry possess six joints or degrees of freedom. Six is the minimum number of joints required to reach an arbitrary position and an orientation of the robot end-effector within its working region. However, robots with six joints are limited in their ability to follow an arbitrarily specified end-effector path.
workspace is occupied by singular configurations. In a singular configuration the robot end-effector is unable to move or rotate in certain directions. The presence of obstacles may also constrain the movement of a robot in many situations. Similarly, limited range of motion of the joints and torque limits on motors also restrict the movement of a six degree-offreedom robot. Therefore, it is highly desirable for a general purpose robotic manipulacor to have more than six degrees of freedom. Additional joints, referred to as redundant joints, can be added to robots to overcome these problems. These joints can be brought into play to avoid the above problems and to improve the performance of the robot. U.S. Government Work. Not protected by U.S. copyright.
general purpose robots should have at least seven degrees of freedom.2 Several joints of a robotic manipulator move simultaneously at time-varying rates in order to follow a specified end-effector path. desired end-effector motion must be resolved into the necessary joint motions. degree-of-freedom manipulator, the joint velocities required to achieve the desired translational and rotational end-effector motion are unique. However, a redundant robot is one that has more joints than the six independent Cartesian variables (translational and rotational velocity components) for the end-effector. Thus, the kinematic linear equations relating unknown joint velocities to specified end-effector velocity components in world coordinates do not have a unique solution-an infinite number of solutions are possible. Thus, joint velocities may be selected to achieve a secondary objective besides the primary objective of moving the endeffector with desired translational and rotational velocities. The secondary objective may be defined in terms of optimizing a performance criterion such as minimizing torque requirements at the joint motors or maximizing the distance of the robot elbow from an obstacle.
A number of control schemes for determining the joint trajectories for redundant robots have been developed using both global and local resolution of redundancy. The global redundancy resolution schemes determine a joint trajectory from the complete description of the desired endeffector trajectory. trajectory is based on the global optimization of a performance criterion such as average kinetic energy. complex and currently are limited to off-line programming as opposed to real-time control.
The local redundancy resolution schemes, on the other hand, determine a joint trajectory from the instantaneous joint motion required to follow a desired end-effector trajectory. motions are obtained by satisfying the local optimization of a performance criterion. though local schemes may not result in the "best" trajectory, they are most suitable for real-time control in a changing environment. It has been suggested by researchers to use the least-norm joint velocity solution for resolved rate control as it minimizes the instantaneous joint velocities. Whitney6' '
proposed to minimize the instantaneous kinetic energy along the trajectory by using the weighted least-norm solution, with the inertia matrix as the weighting matrix. Baillieul, Hollerbach, and Brocketts showed that using the least-norm solution alone for joint velocities may generate trajectories that pass arbitrarily close to singular points.
The null space of the Jacobian, which corresponds to the self-motion of the robot, has been utilized by many researchers to optimize various performance criteria of the robot. Liegeoisg developed a gradient projection scheme to utilize the null space of the Jacobian to optimize a joint position-dependent scalar performance criterion. Yoshikawa" introduced a performance criterion Jdet(JJT) , where J is the Jacobian matrix.
A number of other performance criteria for robots have been suggested in the literature. Luh and (JJT) to study the efficiency and flexibility of redundant robots. Salisbury and Craig13 and Asada and Cro Granito14 used the condition number as a work space quality index. Klein15 suggested that the minimum singular value is a good measure of work space quality as it provides the upper bound of the velocity with which the end-effector can be moved in all directions. Luh16-" used the gradient projection method to improve the efficiency, mechanical advantage, and flexibility of the manipulator. achieved by improving the quantitative performance measures called Manipulator-VelocityRatio and Manipulator-Mechanical-Advantage.
Konstantinov, Markov, and Nenchev18 used the null space of the Jacobian to satisfy a secondary criterion in the least-square sense. Hanafusa, Yoshikawa, and Nakamuralg used a similar approach by dividing a task into primary (high priority) and secondary (low priority) tasks and utilizing the null space to achieve the secondary task in the least-square sense. developed a similar scheme using dynamics to minimize joint torques in the least-square sense. Baillieulzl proposed an extended Jacobian method, which involves adding an optimization equation to the original set of kinematic equations so as to make extreme a performance criterion. Dubey and Walkerz2 proposed an inverse kinematic scheme for redundant manipulators by dividing the joints into primary and secondary joints and using the secondary joints to avoid singular configurations.
When a secondary criterion is satisfied in the least-square senseZ*'* in a local optimization scheme, the robot is required to reconfigure itself to the optimum configuration within a sampling period. optimum configuration, reconfiguration would require extremely high joint velocities. Because such high speeds are physically not realizable, the result may be highly inaccurate motion. An suggested the use of the trace of
Dubey and This was Hollerbach and Sub"
If the robot is away from the extended Jacobian schemez1 also requires the robot to move to the optimum configuration at each sampling signal. velocities are obtained when the extended Jacobian is close to being singular, joint velocity might occur even though the original Jacobian may not be close to being singular. algorithmic singularity.
Optimization of a performance criterion using the gradient projection method tends to move the robot gradually toward the optimum configuration while the end-effector follows a desired trajectory. The gradient projection method determines the direction of the homogeneous solution or self-motion, while the magnitude may be selected to avoid the bounds of joint velocities.
projection optimization scheme for a sevendegree-of-freedom redundant robot with a spherical wrist. In Section 2, we discuss the gradient projection method for the Jacobian control or resolved motion control of redundant robots. algorithm using the gradient projection method for a seven-degree-of-freedom robot with spherical wrist. The application o f this control scheme to the CESAR seven-degree-of-freedom manipulatorz3 is described in Section 4 . Simulation results demonstrating the feasibility and effectiveness of the control scheme are also presented in this section. The last section presents the conclusions of this paper.
Extremely high joint and a high Such a situation is referred to as This paper presents an efficient gradient Section 3 presents an efficient control
. The Gradient Proiection Method
A manipulator with n joints that are used to control m independent variables of the endeffector position and orientation (m s 6) is described by the following kinematic equation:
where is an m-dimensional vector of translational and rotational velocities of the end-effector with reference to base coordinates, e is an n-dimensional vector of joint velocities, and J is an m x n Jacobian matrix. Unless otherwise stated, m will be assumed equal to 6, implying that six independent variables are required to describe the end-effector.
If J is a square matrix (m = n) and has a rank equal to m (full rank), then the joint velocities required to achieve the desired end-effector motion will be unique and can be evaluated by
If J is singular or rectangular with m < n, the vector e can be computed by
where J+ is the Moore-Penrose generalized inversez4 of the Jacobian. The matrix I in Eq. ( 3 ) is an n x n identity matrix and (I -J ' J ) ys the null space projection matrix.
L is an arbitrary velocity vector. The homogeneous solution is referred to as the self-motion of the manipulator and does not cause any end-effector motion. For a desired trajectory, the homogeneous solution should be appropriately selected to improve the performance of the robot. In order to improve a performance criterion H(e) using the gradient projection method, the redundancy is resolved by substituting kVH(S) for & in Eq. ( 3 ) and rewriting it as
The first term on the right of A major problem with the gradient projection method as presented in the literature is its complexity when applied to "real-world" robots. If we follow Eq. (4) directly, it is required to determine the pseudo-inverse of the Jacobian and its null space projection matrix in order to determine the least-norm solution and homogeneous solution respectively. A s suggested by Klein, l S using the Gaussian elimination method can reduce the computation time to some extent. However, this approach still requires the computation of JJT and the numerical solution of six simultaneous equations with six unknowns. Section 3 a scheme is presented that eliminates the need to determine the pseudo-inverse of the Jacobian. By use of a geometrical projection method, the problem is reduced to solving two sets of three simultaneous equations for a sevendegree-of-freedom redundant robot with a spherical wrist. This solution allows us to obtain a closed-form solution of the joint velocities.
A larger value of k will In
. An Efficient Control Scheme
We now present an efficient control scheme for determining the joint velocities given by Eq. (4). This scheme is presented for a sevendegree-of-freedom redundant robot with a spherical wrist. Seven is the minimum number of joints required for a robot to be able to avoid internal singularities and obstacles while following a specified end-effector trajectory. spherical wrist, which is commonly used in industrial robots, allows for simpler kinematic calculafions.
Let e E R7 be the joint velocity vector for the seven-degree-of-freedom robot. Suppose in the Cartesian workspace the end-effector velocity vector with reference to the base coordinates is represented by A -X -(vl v2 v3 w1 w2 w~)~ E R6 ( 6 ) and has first three translational and last three rotational velocjty components. The joint velocity vector e and the end-effector velocity vector & are related by -X -J $ , (7) where J is a 6 x 7 Jacobian matrix. We will assume that the rank of the Jacobian is six, which implies that J is not singular. Thus, it is possible to construct a nonsingular 6 x 6 matrix J* from any six independent columns of the Jacobian. In general, by rearranging the columns of J and the corresponding elements of e in a different order, we can rewrite Eq. (7) as where a is any column vector of the Jacobian such that the remaining six columns form a nonsingular matrix J*.
satisfying Eq. (7) 
Least-Norm Solution
The least-norm solution kin is the joint velocity vector that satisfies Eq. (1) and has minimum Euclidean norm. Using the generallzed inverse J+ of the Jacobian, we can obtain k i n as
(15)
We will now develop an expression of kin in terms of Bp and e,, obtained from Eqs. (11) 
where Thus, the least-norm solution is obtained by subtracting from the particular solution the component of the particular solution in the direction of the homogeneous solution.
The ODtimization Scheme
We now develop a scheme to determine the joint velocities in Eq. ( 4 ) without determining the generalized inverse. Rearranging the terms in Eq. ( 4 ) , we obtain the following: and J* is a nonsingular matrix formed by any six independent columns of the Jacobian J , and I I . is the remaining column of J.
Jacobian of a seven-degree-of-freedom redundant robot can always be partitioned as follows:
If we assume the wrist to be spherical, the where all the elements of the 3 x 3 matrix 0 are zero. If we assume that the spherical wrist is not in a singular configuration, the last three columns of J in Eq. (26) will be independent. Including the last three columns of J in J*. we can always partition J* as follows: The proElem of determining the joint velocities in Eq. ( 4 ) , using the gradient projection method, has been simplified to the problem of solving sets of three simultaneous equations, which can be further reduced to closed-form solutions for joint velocities. The above results can be organized in the form of an algorithm presented below.
Aleorithm for the Computation of Joint Velocities for Gradient Proiection Method
Step 1
Step 2
Step 3
Step 4
Step 5
Step 6
Step 7 
An Illustrative Example
The above control scheme for optimizing a performance criterion using the gradient projection method was applied to the CESAR manipulator developed at the Center for Engineering Systems Advanced Research of the Oak Ridge National Laboratory. manipulator ( Fig. 1) is a seven degree-ofThe CESAR freedom manipulator with a spherical wrist. The pitch-yaw-roll spherical wrist is designed in such a way that its singularities occur when the hand is pointing to its sides and not when it is pointing straight out, as is common in many industrial robots. CESAR manipulator and the coordinate frames referred to in the Denavit-Hartenberg In order to simplify the calculations we will refer the desired end-effector and wrist velocity vectors to the third coordinate frame E , , y 3 , z 3 .
This results in a Jacobian that has a muchsimpler form and, thus, is more efficient for computation. Let the desired end-effector velocity referred to the third coordinate frame be given by: -[3VWl vw2 vw3 uwl uw2 uw31T 9 ( 3 4 ) where ' v -6 R3 and R3 are the translational and rotational wrist velocity vectors, respectively, referred to the third coordinate frame. obtained by using the following relationships:
For a given 3 & h , the terms of 3 & may be
where 3gh is the unit vector zh at the hand (Fig. 2) that is referred to the third coordinate frame; it may be shown to be the following:
where c45 = cos(e, + e 5 ) , s b 5 = sin(@, + e 5 ) , c6 = cases, and ss = sines. relating the joint velocity vector e = [ e , e 2 , ---,e7] and the wrist velocity vector 3 f , such that:
Let 3Jw be the, Jacobian
The Jacobian 3J.. can be shown to be the where si = sinei and ci = cosOi for i = 2 to 6 , c45 = cos(0, + Q5), and s 4 5 = sin(0, + e 5 ) .
In order to determine the joint velocities required to follow a desired end-effector velocity and to optimize a given performance criterion using gradient projection method, we first determine the end-effector velocity 3gh referred to the third coordinate frame. Given
We can now determine the wrist velocity vector Consider the case when the second column of the Jacobian is taken to be E and the remaining six columns are independent and form the matrix J*. Using Eqs. ( 2 7 ) through (32) and Eq. ( ? 4 ) and rearranging the order, the elemenFs of 9:
denoted by e;, , for i = 1 to 7 , with et2 = 0, may the end-effector velocity vector kh E R6 in the base coordinates, we can determine 3&h from the be obtained a's follows:
following:
E;] = ; r c 4 a4 s4 ( 4 0 ) d2s2 -a3 s z s 3 d2czc3+d3 s 2 s 3
.
Eh = 3R0 &h , where 3R, is a 3 x 3 projection matrix given by:
where
where si -sin@, and ci = cosei for i = 1 to 3 . et5 -x, -s2s3e;l -e ; , -C 6 e;, ( 4 
Simulation Results
Simulations depicted in Figures 4 through 7 were performed for the seven degree-of-freedom CESAR manipulator using the efficient gradient projection scheme developed above. cases were considered for simulation. In each case the robot end-effector follows a specified straight line trajectory while maintaining its orientation fixed. In case one, a performance criterion H = sin28, is maximized so that the robot avoids running into its pedestal. In the second case, joint angle limits are avoided by optimizing a performance criterion H -cos28, + cos2e5 + sin28, + cos28,. Comparison is made with the cases when only the least-norm joint velocity vector is used and the null space of the Jacobian is not used to optimize a performance criterion. Simulation results are presented using a three-dimensional solid model of the robot. In Fig. 4 , only the least-norm solution is used to follow the desired trajectory. forearm runs into the pedestal as the endeffector moves along the desired crajectory. null space is utilized to maximize the performance criterion H -sin2B, in Fig. 5, and the forearm of the manipulator avoids the pedestal while following the desired end-effector trajectory. followed in Fig. 6 using the least-norm solution, joint 4 reaches its limit, and the robot stops before reaching the desired end point. On the other hand, as shown in Fig. 7 , if the null space of the Jacobian is utilized to maximize the performance criterion H = cos2B, + cos2B5 + sin2Bs + cos2B,, the robot reaches the desired end point without any of the joint angles reaching a limit. Through simulation we have shown the effectiveness of the gradient projection control scheme developed in this paper.
Two different
In this case the The When a specified trajectory is
Conclusions
An efficient control scheme using the gradient projection method was developed for a sevendegree-of-freedom redundant robot with a spherical wrist. This scheme determines the joint velocities required to follow a specified end-effector trajectory while optimizing a given performance criterion using the gradient projection method. The need to determine the generalized inverse of the Jacobian is eliminated and closed-form solutions for joint velocities are obtained. This scheme is well suited for real-time implementation and was implemented on the seven degree-of-freedom CESAR manipulator developed at Oak Ridge National Laboratory. presented are graphical simulation results demonstrating the effectiveness of this control scheme for the CESAR manipulator. Extension of this control scheme is currently being addressed for robots with multiple degrees of redundancy. 
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